Wave-particle duality of quantum objects is one of the most striking features of quantum physics and has been widely studied in past decades. Developments of quantum technologies enable us to experimentally realize several quantum phenomena. Observation of wave-particle morphing behavior in the context of the quantum delayed-choice experiment (QDCE) is one of them. Adopting the scheme of QDCE, we demonstrate how the coexistence of wave and particle nature emerges as a consequence of the uncertainty in the quantum controlled experimental setup, using a five-qubit cloud-based quantum processor. We also show that an entanglementassisted scheme of the same reproduces the predictions of quantum mechanics. We put evidence that a local hidden variable theory is incompatible with quantum mechanical predictions by comparing the variation of intensities obtained from our experiment with hidden variable predictions.
INTRODUCTION
Quantum Mechanics is known for challenging our usual perceptions of nature. Superposition, wave-particle duality, and entanglement, are perhaps the three most "mysterious" properties of quantum mechanics that don't go hand-in-hand with the classical world. Among these three, wave-particle duality epitomizes the fundamental nature of quantum mechanics. According to Bohrs complementarity principle, quantum objects can behave as a particle as well as a wave depending on the measurement apparatus. Feynman reckoned this wave-particle duality as the fundamental mystery of quantum mechanics [1] . The reason for this counter-intuitive nature is unknown to us. Many attempts in the form of delayed-choice gedanken experiments [2] [3] [4] [5] have been made to find out when quantum objects behave as wave or particle. An experiment highlighting the inadequacy of the complementarity principle in its usual form is also proposed. [6] Different experimental realizations of "quantum-eraser" were studied to investigate and to control the exact nature of quantum objects. [7] [8] [9] [10] . In an alternative model of Young's double-slit experiment, [11, 12] , Wheeler also attempted to find the solution to this mystery. Hidden-variable (HV) theories can also model the results of quantum mechanics, making it an alternative description of quantum theory. HV theories, based on wave-particle objectivity, determinism, and local independence was studied, hoping that it could reproduce the outcomes of quantum mechanics [13] but if we take into account all the three criteria mentioned above, even the HV theories fail to reproduce the quantum mechanical predictions. With the advent of quantum technologies, one can test experimentally the HV theories and quantum mechanical predictions. The investigation of wave-particle duality paves a way to differentiate between these two theories.
The wave-particle duality of quantum objects can be illustrated by delayed-choice experiments in a Mach-Zehnder interferometer (MZI) as depicted in Fig.1 . In the single-photon delayed-choice experiment, a photon is directed to a Mach-Zehnder interferometer one by one where it splits through a beam-splitter BS 1 into two paths, represented by |0 and |1 . A phase-shifter in one of the paths introduces a relative phase φ shift between the two paths. In the 'closed' setup configuration the two paths are recombined by a second beam-splitter BS 2 thus the which-way information (path information) of the photon is erased and the photon exhibit an interference pattern recorded by each detector D 0 and D 1 where the intensities oscillate with relative phase difference φ between two paths, reveals the wave nature of the photon. In the 'open' setup configuration, second beam splitter BS 2 is removed and each detector behind the two paths D 0 and D 1 clicks at a time with an equal probability of 1 2 , revealing particle property of the photon.
FIG. 1:
Quantum controlled Wheeler's delayed-choice experiment: BS 1 and BS 2 are beam splitters inside Mach-Zehnder interferometer (MZI). φ is phase shifter, D 0 and D 1 are detectors. When BS 2 is present, the MZI is in 'closed' configuration and when BS 2 is absent, the MZI is in 'open configuration. QBS represents a beam splitter which is controlled by a two-level quantum system in superposition.
Jacques et. al. [14] have demonstrated a delayed-choice experimental setup where the introduction of the second beamsplitter was randomly controlled by a random number generator (RNG) after the photon has already passed through the first beam-splitter BS 1 to avoid any causal connection between the selection of the paths and the presence of second beam-splitter BS 2 . In a more recent development Ionicioiu and Terno [15] have come up with the new idea of the quantum delayed-choice experiment where the introduction of the second beam-splitter BS 2 is controlled by the superposition state of a two-level quantum system. So the presence and absence of the beam-splitter is decided in a quantum way. The results not only describe the intrinsic wave-particle duality of quantum objects but also show the morphing behavior between the wave and the particle property [16, 17] . This morphing of wave and particle nature is the evidence that the quantum mechanical predictions about the nature of a photon should show a contradiction with the prediction of any local hidden variable model which attempt to designate the intrinsic wave or particle characteristic to the photons even before the final measurement.
The availability of open-source quantum computer via the "IBM quantum experience" cloud-based platform gives the provision to check different fundamental features of quantum physics [18] [19] [20] [21] [22] [23] [24] . Using this platform we can realize real quantum experiments and simulations. In this article, we utilize the IBMs superconducting chip to demonstrate and perform two different extensions of the delayed-choice experiment. We experimentally demonstrate the quantum delayed choice scheme and investigate the variation of probabilities (which is equivalent to the interference intensities in real photonic setup), observing a continuous transition between wave and particle behaviour. By considering the entanglement assisted quantum delayed-choice scheme we show that the predictions of a local hidden variable model significantly differ from the quantum mechanical predictions and fail to explain the results of the experiment.
THEORY
In the following, we briefly explain the basic idea of quantum delayed choice experiment. Consider a photon that is inserted into the Mach-Zehnder interferometer as described in Fig.1 . For our experiment, we model an equivalent quantum circuit for the above photonic setup in the IBM quantum experience platform using proper gates which is shown in Fig.2 . It includes the Hadamard operator H which performs the function of the first beam-splitter BS 1 and a phase shift operator U1 which acts as a phase shifter φ. Control-Hadamard operator does the job for the second beam splitter BS 2 whose presence or absence is determined in a quantum way (quantum beam-splitter). Measurement in computational basis is performed at the very end of the quantum circuit. There are two ways in which quantum delayed-choice experiments can be performed. One is by using only a single ancilla while in the other approach one can use an entangled ancilla given by the EPR pair. Here we have used the former one to show the wave-particle morphing behavior while the latter is used to describe the incompatibility between quantum theory and a local Hidden variable model.
With Single ancilla: q[0] and q [1] are the system qubit and ancilla qubit respectively. The preparation of ancilla qubit is done by rotating the initial state |0 by an angle α around y-axis using operator Y α = e iασ y . |0 and |1 states of the ancilla correspond to the absence and presence of the second Hadamard gate in the system qubit q[0] respectively. The insertion (α = π/2) of the FIG. 2: Equivalent quantum circuit for quantum delayed-choice experiment: The system qubit q[0] is initially prepared in |0 . H is the Hadamard operator. U 1 represents the phase shift operator. The ancilla qubit q [1] is prepared in the superposition state by Y α = e iασ y acting on the |0 which essentially controls the presence or absence of second Hadamard gate (controled-Hadamard gate).
second Hadamard gate results in the detection probability of any particular final state (|0 or |1 ) of the system qubit to vary sinusoidally with a relative phase shift φ, giving rise to a phenomenon equivalent to interference. From this, it can be concluded that the quantum system behaves like a wave. On the other hand, the removal (α = 0) of the second Hadamard gate shows that the probability of obtaining a final state (|0 or |1 ) of the system qubit is a constant (1/2) concerning any change in phase shift φ, giving strong evidence of particle-like nature of the system qubit. In our investigation, we have put our ancilla qubit in a superposition of quantum states cos α |0 + sin α |1 so that morphing of wave and particle nature can be observed as the values of α vary from 0 to π/2.
Initially the system qubit q[0] is in |0 state. The Hadamard operation will result in the superposition state |0 +|1 √ 2 . This state is further acted upon by an U 1 gate which will introduce variable phase shift to the state |1 , so the state transforms to |0 +e iφ |1 √ 2 . P 0 = |0 0| and P 1 = |1 1| act as two orthogonal projectors onto the eigenstates of the system. Now, when there is no second Hadamard gate present in the system qubit, the final state remains ψ p = |0 +e iφ |1 √ 2
. So the probabilities of detecting the system in state |0 and |1 are given by the expectation values of the projectors respectively as,
The above equation suggests that E p 0 and E p 1 do not depend on the phase shift φ, which is a clear indication of particle like behaviour of the system. So it indicates that no interference will be observed in the real experimental setup and the visibility E max −E min E max +E min of interference will be zero. But when the second Hadamard gate is present in the circuit the final state becomes ψ w = cos φ 2 |0 + sin φ 2 |1 and the corresponding probability of detecting the state |0 and |1 is
which indicates the wave-like behavior of the system. Till now we have considered a definite state of the ancilla qubit and so does the presence or absence of the second Hadamard gate. But when we prepare the ancilla qubit in a superposition state, namely to cos α |0 + sin α |1 by operating a rotation e iασ y to the ancilla qubit then the system qubit and the ancilla qubit become entangled and the combined state can be written as
where the subscript 'a' corresponds to the ancilla qubit. The reduced density operator for the system is obtained by tracing out the ancilla
where ρ s is equal to the T r a [ρ f ]. The intensity in each detector (equivalent to two distinct projector D 0 and D 1 ) can be obtained from the expectation values respectively as
where, D 0 = |0 0| and D 1 = |1 1|. It is clear from the above equation that when α = 0 the probability of obtaining the state of system qubit in |0 or |1 is 1 2 whereas for α = π/2 we will get a sinusoidal variation of the probability (with respect to change in φ). So from the above theoretical analysis we can infer that in the first case there will be no change in the detection probability with respect to the change in φ, giving rise to the particle like nature of the system which is in contrast with the later case, where the detection probability will show phase dependent sinusoidal interference like behavior, which is a signature of the wave property.
With Entangled ancilla: This experimental scheme was first proposed by Ionicioiu et. al. [13] and later performed by Xin et. al. [25] in NMR platform. The equivalent quantum circuit for this experiment is shown in Fig.3 where we use an EPR pair (q [1] and q [2] ) as ancilla qubits. This particular scheme provides a way of testing the predictions of quantum theory and HV models. The main advantage of an entangled ancilla qubit over a single qubit is that it not only gives the quantum control on the Hadamard gate but we can also take the advantage of space-like separated events. Taking this into account we introduce a rotation to q [2] before measuring it in a computational basis.
As shown in Fig.3 , first the ancilla qubits q [1] and q [2] are made entangled by using Hadamard gate and a controlled not gate so that initial state of the ancilla becomes |00 +|11 . In other word, the state of the second qubit is viable for the emergence of two different nature of system qubit. Since q [2] is entangled with the q[1], we have the freedom of giving ancilla a rotation e iασ y , even after q[0] and q [1] have already interacted with each other. Finally, composition of all the above actions produces an output state given by:
where, ψ p = |0 +e iφ |1 √ 2 and |ψ w = e i φ 2 [cos( φ 2 ) |0 − isin( φ 2 ) |1 ]. The reduced density matrix for the system is evaluated by tracing out ancilla qubits and is given by, ρ A = T r AB [ρ] = T r AB [|ψ ψ|]. With this reduced density matrix the intensity in one of the detector say D 0 is calculated as: E A = T r[ρ A |0 0|]. Now as we are making a measurement in third qubit, two expressions for intensities arise for two different post-selections(|0 and |1 ) of the third qubit and are given by:
The above equations well explain the quantum mechanical predictions about the intensities for this particular configuration. Considerable departure is observed when we start formulating statistics for the same through a local HV model. If any HV model is compatible with quantum mechanical predictions then it should reproduce the quantum probability distribution P(q 0 , q 1 , q 2 ) when summed over all the Hidden variables, namely:
Where, C(q[0], q [1] , q [2] , λ) denotes the probability distribution due a hidden variable satisfying three classical assumptions given by:
1. Wave particle objectivity: According to the wave particle objectivity the nature of a photon is attributed as two distinct characteristics with no overlap. So with respect to an open (q[1]=0) Mach-Zehnder interferometer setup shown in Fig.2 , the conditional probability at any of the detector D 0 (D 1 ) is statistically represented as, while for a closed (q[0]=1) one it reads,
Simply, S p ∩ S w = Φ, where Φ is a null set. Otherwise there will be elements for which wave particle duality occurs.
2.Determinism:
The theory of determinism states that the outcomes of an event should have a preexisting value which is independent of the act of measurement. From equation (8) it is seen that whatever value q i ' possess, probabilities are given by summing over some preexisting values of λ.
3.Local independence:
Classically at the level of outcomes two spatially separated systems always possess locally independent hidden variables. So the joint probabilities for any event are mutually exclusive and can be represented as,
where λ 1 and λ 2 are hidden variables for two spatially separated systems. In the current case qubit, q 1 and q 2 represents such spatially separated systems which are acted upon by two different hidden variables which are mutually exclusive in an outcome level theory.
Taking into account the aforementioned assumptions the same intensities takes the following form [13] 
which different from the predictions of quantum theory. Though from equation (7) and equation (12) it seems that the nature of the variation of intensity is same for both of the cases but their magnitude differs significantly for values cos 2α 0. In the next section we will verify and discuss all our theoretical predictions and experimental outcomes obtained from IBM's superconducting quantum processor.
EXPERIMENTAL ANALYSIS AND DISCUSSION
To investigate the quantum delayed choice experiment, we have used IBM's 5 qubit quantum processor 'ibmq 5 tenerife' and we have implemented the quantum circuit as described in FIG. 1 . To obtain the intensity distribution, first, we measure the probability of obtaining the output state |0 for a given value of the rotation angle α and then for each value of α we vary the relative phase φ. We analyze the above situation for two extreme cases: α = 0 and α = π 2 respectively. For α = 0 we have nearly constant intensity while for α = π 2 the intensity is varying sinusoidally with φ as shown in Fig.4 . The most interesting case occurs when we investigate the nature of intensity for the values of α lying in the range between 0 to π/2. It is when the Hadamard gate is in a state of superposition of being present and absent. For this range we observe a continuous transition between particle and wave nature of the system qubit as shown in Fig.5 .
For each value of rotation angle α, the maximum and minimum value of intensity is noted and from that visibility, the graph is obtained which is shown in Fig.6 . From the graph, we can see that for α = 0, visibility is nearly zero though it should FIG. 5: Characterization of wave-particle morphing behaviour: 3-D graphs are plotted for intensity distribution as a function of phase difference φ for different values of rotation angle α. The wave particle morphing behavior can be observed for intermediate values of α between 0 to π 2 . a) Shows the simulated intensity profile and b) shows the plot for measured experimental data. The observed data shows good agreement with theoretical predictions (see equation (5)). be exactly zero according to the theoretical prediction. This small error can be characterized by individual gate errors but the overall variation of visibility with α is similar as given by theoretical one. A null value of visibility corresponds absence of any interference but as α increases the value of visibility also gradually increases causing observable interference. So our analysis demonstrates how wave-particle morphing is coming out from the uncertainty in the quantum control experimental setups and how it is different from a classical delayed choice experiment.
To realize the entanglement assisted delayed choice experiment, we have implemented the equivalent quantum circuit shown in Table I where the coherence time, relaxation time, gate error and readout error are respectively denoted by T 1 , T 2 , GE and RE. The superconducting qubits q [8] , q [9] and q [10] are used for this experiment. For consistency we have denoted q [8] = q[0], q [9] = q [1] and q [10] = q[2] respectively in Fig 3. First q [1] and q [2] are made entangled through a Hadamard and a CNOT gate. A rotation in q [2] is introduced before the measurement through U 3 gate which is introducing a dependency of the intensity on α. We can wisely choose the rotation of α in q [2] after the interaction of the first two qubits to take advantage of space-like separated events in a quantum computer. The variation of intensity as predicted by the HV theory (see equation (12)) is shown in Fig.7 . It is to be noted from equation (12) that the intensity is not a function of α so for HV prediction, the variation of intensity is the same for both post selected states |0 and |1 while quantum mechanical prediction of intensity depends on α through equation (7) . We have plotted variation of intensities against phase shift φ for different values of alpha and is shown in Fig.8 The underpinning reason behind the incompatibility between QM and HV predictions is that while in a local HV theory, objective reality exists, in the case of quantum mechanics it is not true. So morphing between wave and particle nature is seen as a part of our experiment. This morphing is due to the fact that in the case of QM predictions, intensity depends on α and as it changes, the magnitude of intensity changes even for the same phase φ. On the other hand, since HV prediction of intensity is independent of α the intensity remains the same for particular φ even though the rotation angle α changes. Our experiment demonstrates the fact that wave-particle morphing is a purely quantum phenomenon that can not be reproduced from the HV theory consisting of wave-particle objectivity, determinism, and local independence. Fig. 3 , the experiment was run for φ ranging from 0 to 2π on a real quantum device. This experiment was run three times for statistical accuracy. 
SUMMARY
In conclusion, we have studied the delayed-choice scheme to investigate the wave-particle duality of quantum objects. In this regard, IBM's online cloud-based quantum computer provides a perfect platform for investigating such phenomena. In this article, we have successfully demonstrated two different extensions of a delayed-choice experiment namely quantum delayedchoice experiment where we have used quantum controlled Hadamard gate to tune the wave and particle behavior of a quantum system and entanglement-assisted quantum delayed-choice experiment to show when all three classical assumptions of HV is combined, it leads to conflict with the quantum theory. In our results, we found a good agreement between the experimentally obtained intensities, visibilities and continuous morphing of wave and particle behavior with the predictions of quantum theory.
